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Introduction

We offer this selection of assessment tasks, assembled in response to an urgent request, to illustrate some of the possibilities of classroom formative assessment in raising standards of mathematical thinking and discourse among US students and their teachers.

It is clear that you recognize the central importance of tasks in this endeavor – they provide the opportunities, richer or poorer.  Both the range of task types included, and the quality of the exemplars deserve to be at the centre of the designers’ attention.  Thus, though a lot of other things (guidance on evaluating student responses, modes of working and of feedback, examples of student work,…) are also important, we concentrate here on the tasks.  

Handling richer tasks in the classroom in a constructive way is a challenge for any teacher.  There is a path of professional development down which each individual must move.  Well-engineered support can smooth this path and quicken progress but it still takes time, and support.

Here we illustrate this by offering some task examples representing three “steps” along the path. 

1. Scaffolded constructed response tasks
The first group are taken from current US practice in some typical schools that have benefited from well-designed professional development support. The tasks are heavily scaffolded but offer a ramp of increasing challenge within each task. 

2. Less scaffolded problem-solving tasks 
The second group address an aspect of mathematics that is common in the rhetoric of mathematics education but, as yet, absent from the majority of classrooms. Students are presented with problems that permit a variety of responses. These are less structured than (1) above in that they still provide an accessible entry point but make greater demands, asking students to select appropriate techniques and methods and communicate their reasoning. 

3. Mathematical literacy tasks 
The third group represents a performance goal of clear mathematical and societal importance which is still on the horizon of practice, except in a few schools. Its role in this collection is to avoid the common complacency – that, apart from fine tuning, what we are doing is all we should be doing
. These are “essay” tasks that assess whether students can use matematics to put together a coherent argument. 

Finally, an obvious caveat.  These examples don’t span the space of assessment task types that should be made available for the enrichment of teachers’ and students’ lives and learning
; rather, we hope these examples will help to suggest the size of that space and the opportunities for further progress in forwarding the teaching and learning of mathematics through this most challenging aspect of educational design.

1. Scaffolded Constructed Response Assessment Tasks

from

MARS current US practice

The examples in this section are from the annual tests, for Grades 3 to 10, entitled 

“Balanced Assessment in Mathematics”

(BAM) that MARS provides for use by US school districts that want to complement their state tests with assessment that is built on a broader range of task types involving longer chains of reasoning.  Many teachers subsequently use the tasks in class, with support from a professional development program built around assessment tasks.

These tasks are characterized by a “ramp” of increasing challenge through the task, with entry for weaker students supported by substantial “scaffolding” of the early parts of each task.  This sequence shows something of how the range of demand increases across grades. 

Chips and Sodas

This problem gives you the chance to:

(
read and interpret bar graphs

(
calculate frequencies from tallies

(
draw a bar graph from given data [image: image44..pict]
[image: image45..pict]
Damian and Sarah are doing a survey. 

They want to know what type of chips and drinks people like best.

[image: image46.jpg]


1. Damian has drawn this bar graph showing the data he has collected.

(a) What type of chips do the largest group of people in the survey like best?   



 SHAPE  \* MERGEFORMAT 




 SHAPE  \* MERGEFORMAT 



           

(b) How many people like tortilla chips best?
 SHAPE  \* MERGEFORMAT 



(c) How many people did Damian and Sarah survey?
  SHAPE  \* MERGEFORMAT 



(d) How many more people like plain chips than like barbeque chips? 


 SHAPE  \* MERGEFORMAT 



2. Sarah has written her data on a recording sheet.

	DRINKS
	TALLY
	TOTAL

	lemonade
	[image: image47.png]


IIII  
	5

	[image: image48..pict]
cola
	[image: image49..pict]IIII IIII  IIII  I
	16

	
flavored water
	
IIII IIII  IIII
	

	orange
	IIII  IIII  I 
	

	 root beer 
	IIII
	4


(a) Fill in the two missing totals on Sarah’s recording sheet.

(b) Draw a bar graph showing Sarah’s data. Remember to label the axes.

 Sarah is inviting 25 people to a party. 

 3.  Using her data, how many cola drinks should she buy?
 SHAPE  \* MERGEFORMAT 



Explain how you figured it out.

 SHAPE  \* MERGEFORMAT 


10
Counting Feet 

This problem gives you the chance to:

(
solve number problems in a practical context


Sasha lives on a farm.

In the barn there are always at least one dog, one bird and one spider.
      Dog                                              Bird                                             Spider

(4 feet    (2 feet                  
(8 feet
1.
Yesterday, there were 3 dogs, 4 birds and 2 spiders in the barn.
How many feet were there in the barn?
_________________

Show how you figured it out.

2.
Today, Sasha counted 24 feet in all in the barn.

How many dogs, birds and spiders do you think are in the barn today?

There are four correct answers to this question.  Try to find them all.

	Number of dogs  (
	Number of birds  (
	Number of spiders  (

	
	
	

	
	
	

	
	
	

	
	
	


Explain how you know that there cannot be more than two spiders in the barn.

 SHAPE  \* MERGEFORMAT 



7
MILLIE'S LAWN MOWING BUSINESS

Millie has a lawn mowing business. 
She uses 

 pint of oil each day and 1

gallons of gasoline each day. 

She has these supplies on her shelf:

[image: image8.wmf]
Which will she run out of first, gasoline or oil? 

_____________

Show or explain how you know your answer is right.

______________________________________________________

______________________________________________________

______________________________________________________

______________________________________________________

______________________________________________________

______________________________________________________

______________________________________________________

5
 Hexagon Desks

This problem gives you the chance to:

(
find and extend a number pattern 

(
plot and use a graph


Sarah finds how many students can sit around a row of desks.
[image: image9.wmf]

1.
Complete Sarah's table.

	Number of desks in a row
	Number of students

	1
	6

	2
	10

	3
	

	4
	

	5
	

	6
	

	7
	


2. On the grid, plot the results from the table you completed in question 1.
The first two points have already been plotted for you.

[image: image10.wmf]
3. Sarah says that 47 students can sit around a row of 11 desks.  

Without drawing the desks, explain how you know that Sarah is wrong.

……………………………………………………………………………………………………………………………………………………………………………………………………………………………

How many students can sit around a row of 11 desks?   ……………………….     

10

Party

This problem gives you the chance to:

(
choose and use number operations in context

•
find and use an algebraic formula

•     relate formulae and graphs


Sarah is organizing a party at the Vine House Hotel.


1.
Sarah thinks there will be 60 people at the party.

Show that the cost will be $1350

2.
What is the cost of a party for 100 people at the Vine House Hotel?  $_________     

Show how you figured it out.

3.
C dollars is the cost of a party for P people. 

Find a formula that gives C in terms of P.

 SHAPE  \* MERGEFORMAT 



 SHAPE  \* MERGEFORMAT 




4.
Sarah’s party cost $1750 in all.
How many people came to the party?         ___________________

Show your calculations.

5.
Which of these graphs shows the connection between the number of people at the party, P, and the cost, $C?



Graph _______________      


Explain how you figured it out.

 SHAPE  \* MERGEFORMAT 



 SHAPE  \* MERGEFORMAT 


10
Animals 

This problem gives you the chance to:

(  find the median, mode and range of a set of tabulated data

•   interpret  graphs


Hugh works in a nature reserve. He has caught a number of animals of one species in an area of woodland. He records their weights in grams, then he puts their weights in grouped frequency tables.

Males   

Females                                                                               
	Weight in grams
	Number of animals
	
	Weight in grams
	Number of animals

	20 - 29
	1
	
	20 - 29
	3

	30 -39
	4
	
	30 -39
	8

	40 - 49
	8
	
	40 - 49
	5

	50 - 59
	10
	
	50 - 59
	2

	60 - 69
	7
	
	60 - 69
	4

	70 - 79
	5
	
	70 - 79
	7

	80 - 89
	2
	
	80 - 89
	5


Hugh uses these tables to plot the two graphs shown below.

[image: image15.wmf]
1.  Find the median weights of the male and female animals.

In which groups do they lie?

Males   SHAPE  \* MERGEFORMAT 


       Females   SHAPE  \* MERGEFORMAT 



2.  Using the graphs and tables for evidence, write three different statements comparing the similarities and differences between the weights of the male and female  animals.

(a)[image: image18.wmf]
[image: image19.wmf]
(b)[image: image20.wmf]
[image: image21.wmf]
(c)[image: image22.wmf]
[image: image23.wmf]
5
Merritt Bakery

This problem gives you the chance to:

(
use circle diameter and circumference relationship

(
write a formula or rule for a linear relation 

Merritt bakery bakes circular cakes.

The diameter of the smallest cake is 9 inches.  

The diameter of the largest cake made is 18 inches.

When the cake is decorated, a ribbon is put around the cake. 
 An extra 20 inches of ribbon is used to make a bow.


1.
How much ribbon is needed to go around the smallest cake and make a bow?  


Explain how you figured it out.
  SHAPE  \* MERGEFORMAT 


  inches

 SHAPE  \* MERGEFORMAT 



 SHAPE  \* MERGEFORMAT 



 2.
Write a formula or rule that expresses the length of ribbon, (L), needed in terms of the diameter, (D), of a cake.

 SHAPE  \* MERGEFORMAT 



A student says 

“The diameter of the largest cake is double the diameter of the smallest cake. 

So to find the amount of ribbon needed for the largest cake just double the amount 

of ribbon needed for the smallest cake.”
This is not correct. Explain why this is not correct.  SHAPE  \* MERGEFORMAT 



8
2. Less scaffolded, problem-solving assessment tasks

The examples in this section are from a current assessment design project for

“Bowland Maths”

One aim of this “curriculum supplement” is to help UK students bridge the gulf they perceive between the world they live in and what goes on in mathematics classrooms, and thus to reap both motivational and cognitive benefits.  

This outward-looking view centrally involves thinking with mathematics about problems from real or fantasy worlds where such thinking has a payoff.  The essential shift is to take the problem and its context seriously.

These tasks have an accessible entry point, but place greater emphasis on students formulating problems, selecting appropriate techniques, developing and explaining chains of reasoning.

These tasks have all been tested and used with students aged 13-16.

SECURITY CAMERA
A shop owner wants to prevent shoplifting. 
He decides to install a security camera on the ceiling of  his shop. 
The camera can turn right round through 360°.
The shop owner places the camera at point P, in the corner of the shop. 

Plan view of the shop 

 [image: image29.wmf]
1. 
The plan shows ten people are standing in the shop. 
These are labelled A, B, C, D, E, F, G, H, J, K. 
Which people cannot be seen by the camera at P ? 

2.
The shopkeeper says that "15% of the shop is hidden from the camera"
Show clearly that he is right. 

3.
(a) Show the best place for the camera, so that the it can see as much of the shop as possible. 


(b) Explain how you know that this is the best place for the camera.

SPINNER BINGO

Sally has made a Spinner Bingo game for her class.



Here are three Bingo cards the players made


              Card A

Card B
    Card C

1.
Which card has the best possible chance of winning?  
Give reasons for your answer.

2.
On the worksheet, fill in a card so that it has the best chance of winning.  

[image: image30.wmf]
3. Explain how you chose the numbers for your card.  


                     

TRAFFIC JAM

[image: image31.png]



1. 
Last Sunday an accident caused a traffic jam 12 miles long on a two lane motorway. How many cars do you think were in the traffic jam? 
Explain your thinking and show all your calculations. 
Write down any assumptions you make.


2. When the accident was cleared, the cars drove away from the front, one car every two seconds. Estimate how long it took before the last car moved. 

TABLE TILES

Maria makes square tables, then sticks tiles to the top.

	[image: image32.wmf]
She uses three types of tiles:

[image: image33.wmf]
	She only uses the half and quarter tiles for the edges of the table. 

So for example:

[image: image34.wmf]
This square table uses:
13 whole tiles, 8 half tiles, 
4 quarter tiles. 


1. How many tiles of each type will she need for a 40 cm by 40 cm square?

2. Describe a method for quickly calculating how many tiles of each type 
she needs for larger, square table tops. 

BOOMERANGS


Phil and Cath want to raise money for charity.
They decide to make and sell boomerangs.
They could make them in two sizes: small and large. 

Phil will carve them from wood. 
The small boomerang takes 2 hours to carve and the large one takes 3 hours to carve. 
Phil only has a total of 24 hours available for carving.

Cath will decorate them. 
She only has time to decorate 10 boomerangs of either size.

The small boomerang will make £8 for charity. 
The large boomerang will make £10 for charity.

1.
If they were to make only small boomerangs, how much money would they make for charity?

2.
If they were to make 2 small boomerangs, how many large ones could they also make? How much money would they make for charity?

3.
They want to make as much money for charity as they can. 
How many small and large boomerangs should they make? 
How much money will they then make for charity?
Show all your working.

3. Assessment Tasks

for

Mathematical Literacy


The tasks in this section go beyond current practice.  As well as involving essential kinds of open-ended mathematical thinking, they illustrate key societal goals for mathematics education that are recognized, for example, in the importance of PISA.  (Though constraints on international comparison tests limit the range of task types there)

You might refer to these as “essay” tasks, in analogy with ELA from which math has a lot to learn about assessment.  They ask for an analytic commentary on a well-defined issue.  This allows a wide variety of responses at every level of performance.

Should this kind of task play an increasing role in mathematics classrooms and in the assessment of student thinking?

(Unlike the tasks in the previous sections, these have not been fully developed)

“PONZI” PYRAMID SCHEMES

[image: image35.wmf]
Max has received this email. It describes a scheme for making money.

	From: 
A Crook

Date: 
Thursday 15th January 2009

To: 
B Careful

Subject: Get rich quick!

Dear friend,

Do you want to get rich quick? Just follow the instructions carefully below and you may never need to work again:

1. At the bottom of this email there are 8 names and addresses. Send $5 to the name at the top of this list. 

2. Delete that name and add your own name and address at the bottom of the list.

3. Send this email to 5 new friends. 




1.


If that process goes as planned, how much money would be sent to Max?

2.
What could possibly go wrong?

3.
Why do they make Ponzi schemes like this illegal?

CONSECUTIVE SUMS

The number 15 can be written as the sum of consecutive whole numbers in exactly three different ways:


15 = 7 + 8


15 = 1 + 2 + 3 + 4 + 5 


15 = 4 + 5 + 6

The number 9 can be written as the sum of consecutive whole numbers in two ways:


9 = 2 + 3 + 4


9 = 4 + 5

The number 16 cannot be written as a consecutive sum. 

Now look at other numbers and find out all you can about writing them as sums of consecutive whole numbers.

Write an account of your investigation. If you find any patterns in your results, then try to explain them fully. 

Which numbers can not be written as the sum of consecutive whole numbers?

TENNIS

	Sam plays tennis. 

He has two kinds of serve; 'fast' and 'slow'.

His first serve is usually fast and often wins the point. 
If it hits the net, or Sam  steps over the line, the umpire calls "fault" and Sam has to serve a second time.  

Sam's second serve is slower, because he doesn't want to hit another fault.   

If Sam scores two faults in a row he loses the point.
	[image: image36.wmf]


Sam's coach recorded what happened to Sam's serves during one match: 


	
	Number of faults
	Number of losses
	Number of wins

	Fast first serves
	60
	15
	75

	Slow second serves
	6 
	30
	24



The table shows that from 75 of Sam's first serves, he went on to win the point.
It also shows that he only served 6 'double faults'. 

1
Explain how you can tell that 40% of Sam's first serves were faults,
and that only 10% of his second serves were faults.

2. Sam's coach says that he should use his fast serve for his second serve as well as for his first serve.
Is this sound advice? 



Explain your reasoning fully.

"COMPACT-NESS" OF SHAPES

Over recent years, a number of geographers have tried to find ways of defining the shape of an area. In particular, they have tried to devise a measure of 'compactness'. You probably have some intuitive idea of what 'compact' means already. Below are two islands. Island B is more compact than island A. 'Compactness' has nothing to do with the size of the island. You can have small, compact islands and large compact islands. 

One person has suggested the following way of measuring "compactness".

[image: image37.wmf]


1. Calculate the "compactness" of each of the following 'islands' using the above definition.

[image: image38.wmf]


2. Use your results to explain why Area ÷ Perimeter  is not a suitable definition for "compactness"

3. Invent your own measure of "compactness".   
Put the shapes A to F in order of "compact-ness" using your measure.
Discuss whether or not your measure is better than 'Area ÷ Perimeter'.

4. Adapt your measure so that it ranges from 0 to 1.
A perfectly compact shape should have a measure of '1', while a long, thin, shape should have should have a measure near to 0.

THE PYTHAGOREAN' THEOREM

Here are three attempts to prove the Pythagorean theorem. 
Look carefully at each attempt. Which is the best 'proof' ? 
Explain your reasoning as fully as possible.


	Attempt 1:

Suppose a right-angled triangle has sides of length 
a, b and c
Draw squares on the three sides as shown.
Divide these squares into smaller squares.

You can see that the number of squares on the two shorter sides add up to make the number of squares on the longest side.

So: a2+b2=c2
	[image: image39.wmf]



	Attempt 2

Suppose that you start with four right angled triangles with sides of length a, b and c and a square tray with sides of length a+b.
	[image: image40.wmf]


	You can arrange the triangles into the tray in two different ways as shown here.

In the first way, you leave two square holes. These have a combined area of a2 + b2.

In the second way you leave one large square hole. This has an area of c2.
Since these areas are equal
a2 + b2 = c2

	[image: image41.wmf]


	Attempt 3:

The proof of the Pythagorean theorem is clear from this diagram.

The squares on the two shorter sides of the black triangle are each made from two congruent triangles.

These fit together to make the square on the longest side- the hypotenuse.
	[image: image42.wmf]



The best proof  is attempt number ..........

This is because .......

My criticisms of the others are...........

SUDDEN INFANT DEATHS = MURDER?

[image: image43.wmf]
In the general population, about 1 baby in 8,000 dies in an unexplained "cot death".  The cause or causes are at present unknown. 

Three babies in one family have died. 

The mother is on trial.  

An expert witness says:

   
"One cot death is a family tragedy; 

two is deeply suspicious; 

three is murder. 

The odds of even two cot deaths in one family are 64 million to 1"

Discuss the reasoning behind the expert witness' statement, noting any errors, and write an improved version to present to the jury.
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Write down 9 different numbers on your card. �I will spin both spinners and add up the two numbers I get. If you have that total on your Bingo card, you cross it off. The first person to cross off all the numbers wins the prize. 
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plain            salt &       cheese &       tortilla      barbeque  
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Vine House Hotel


Your fab party place!





Charges


$750 for up to 30 people


plus


$20 per person for each extra person
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The circumference of a circle is equal to its diameter multiplied by π.








� Are we really content that most adults in their everyday life and work use none of the mathematics they are taught after age 11, in over 1000 classroom hours of school math?


� For something entirely different, see, for example, � HYPERLINK "http://www.nottingham.ac.uk/education/MARS/papers/whither/index.htm" ��http://www.nottingham.ac.uk/education/MARS/papers/whither/index.htm�
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